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Abstract
We consider how more than one gauge fixing condition can be accommodated within the
Feynman path integral both by extending the Faddeev-Popov procedure and the BV approach.
The first order Einstein-Hilbert action in 1 + 1 dimensions and the massless spin-3
2
action are
considered.
1 Introduction
Quantizing gauge theories by using the quantum mechanical path integral (PI) has provided a way
of computing amplitudes without losing manifest covariance [1,2,3]. It has proved possible to impose
the gauge condition
∂ · Aa = 0 (1)
on a vector gauge field Aaµ and to relate this to the transversality condition
kµ∆abµν(k) = 0 (2)
on the vector vector propagator ∆abµν(k). This is the “Landau gauge”. Imposing the gauge condition
of eq. (1) results in the introduction of a complex Fermionic scalar ghost field ca [1-4].
For the propagator ∆µν,λσ(k) associated with a spin-2 gauge field hµν to be transverse and
traceless (“TT”) so that
kµ∆µν,λσ(k) = 0 (3a)
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and
ηµν∆µν,λσ(k) = 0 (3b)
no single gauge fixing analogous to that of eq. (1) is possible. It is necessary to supplement the
classical action with a non-quadratic gauge fixing action, as discussed in refs. [5-7]. This results in
there being two Fermionic and one Bosonic ghost field.
We will review non-quadratic gauge fixing works, illustrating this technique by considering “m-
n” gauges in which there are two restrictions
n · Aa = m · Aa = 0. (4)
We will also show how this approach can be extended to incorporate three (or more) gauge fixing
conditions.
There is a global gauge symmetry associated with the effective action of Faddeev and Popov;
this is the BRST symmetry [8,9]. This symmetry has led to the Batalin-Vilkovisky (BV) approach
to covariant quantization of gauge fields [10-13]. We outline the BV quantization procedure and
show how it can be applied to the first order Einstein-Hilbert action (IEH) in 1 + 1 dimensions,
thereby giving the BRST symmetry of this model. The way in which non-quadratic gauge fixing
can be incorporated into the BV procedure is outlined and is then applied to the massless spin-3/2
action. This approach allows one to employ a propagator for the spin-3/2 fields that is transverse
with respect to both ∂µ and γµ.
2 Non-Quadratic Gauge Fixing
If in the standard PI
Z[JA] =
∫
DφA exp i
∫
dx
(
Lc1(φA) + J
AφA
)
(5)
the classical action Lc1 possesses the gauge invariance
δφA = R
i
Aθi (6)
then a degeneracy occurs resulting in PI being ill defined. This degeneracy can be removed by first
inserting a factor of
1 =
∫
Dθiδ
[
F iB
(
φB +R
j
θθj
)
− pi
]
det
(
F iBRjB
)
(7)
followed by an insertion of
1 =
∫
Dpi exp−
i
2α
∫
dx
[
piNijp
j
]
det1/2Nij . (8)
(The fields φA, θi and p
i are all taken to be Bosonic.) Exponentiating det
(
F iBRjB
)
in eq. (7)
results in there being a complex Faddeev-Popov (FP) ghost [1-3] while det1/2Nij results in a real
Nielsen-Kallosh (NK) ghost [14-15]. If one makes the shift φB → φB − R
i
Bθi then the PI over θi
becomes a (divergent) multiplicative factor in the PI; one then can perform the PI over pi using the
δ-function in eq. (7).
In refs. [5-7] it is pointed at the eqs. (7,8) can be generalized by using
1 =
∫
Dθ1iDθ
2
i δ
[
F iB
(
φB +R
j
Bθ
1
j
)
− pi
]
det
(
F iBRjB
)
(9)
× δ
[
GiB
(
φB +R
j
Bθ
2
j
)
− qi
]
det
(
GiBRjB
)
and
1 =
∫
DpiDqi exp
−i
α
∫
dx
[
piNijq
j
]
detNij. (10)
The two determinants in eq. (9) result in a pair of complex FP ghosts, while the determinant in
eq. (10) results in a complex NK ghost. In addition, there is a Bosonic ghost θi = θ
2
i − θ
1
i that
arises after the shift of integration variable φA → φA − R
i
Aθ
1
i . In ref. [5] it is shown that the TT
propagator for the massless spin-2 field is obtained by taking the ρ → 0 limit of the gauge fixing
Lagrangian
Lgf =
−1
ρ
∫
dx (∂µh
µν)
(
∂λhλν − ∂νh
λ
λ
)
; (11)
no quadratic fixing Lagrangian has this property. Similarly, one could consider the gauge fixing
conditions of eq. (4) in Yang-Mills theory. In this case, since the non-Abelian gauge transformation
is
δAaµ =
(
∂µδ
ab + gfapbApµ
)
θb ≡ Dabµ θ
b (12)
eqs. (9,10) lead to an effective action (taking Nij = δij∂
2)
Leff = Lc1(A)−
1
α
(m · Aa)∂2(n ·Aa) + na∂2na
+ca(m ·Dab)cb + d
a
(n ·Dab)db
+m · Aan ·Dabθb. (13)
In eq. (13) na, ca and da are complex Fermionic ghost fields while θa = −α(θ2a − θ1a) is a real
Bosonic ghost field. We note that there is now a mixed propagator for Aaµ and θ
a.
We note that eq. (7) implicitly assumes that F iB is such that the gauge function θj can be
chosen such that φB + R
j
θθj satisfies F
iB(φB + R
j
Bθj) − p
i = 0; similarly in eq. (9) we make the
corresponding assumptions on each of the two independent functions θ1j and θ
2
j . Also, we can see
that even though in eq. (9) (and eq. (14) below) we place additional restrictions through use
of δ-functions on the gauge fields φB, we anticipate that the same number of physical degrees of
freedom propagate as if one were to use the conventional expression of eq. (7); this is on account
of having introduced a Bosonic ghost field θi = θ
2
i − θ
1
i as well as a second Fermionic FP ghost.
These new ghosts ensure that even though there are now multiple gauge conditions, the number of
propagating degrees of freedom remains unaltered.
Eqs. (9, 10) can be generalized to become
I =
∫
Dθ1iDθ
2
iDθ
3
i δ
[
EiB
(
φB +R
j
Bθ
1
j
)
− pi
]
det
(
EiBRjB
)
δ
[
F iB
(
φB +R
j
Bθ
2
j
)
− qi
]
det
(
F iBRjB
)
δ
[
GiB
(
φB +R
j
Bθ
3
j
)
− ri
]
det
(
GiBRjB
)
(14)
and
1 =
∫
DpiDqiDri exp
−i
α
∫
dx
[
piN1ijq
j + qiN2ijr
j (15)
+riN3ijp
j
]
detN1ij detN
2
ij detN
3
ij .
Following the steps outlined above that follow from eqs. (9,10), eqs. (14,15) lead to an effective
action that involves three FP ghosts, two real Bosonic ghosts and three NK ghosts.
We now consider how the BV formalism is related to an effective action that involves non-
quadratic gauge fixing.
3 The BV Formalism
The BV formalism can be applied directly to the Lagrangian; this avoids the loss of manifest
covariance inherent when one considers the Hamiltonian [10-13]. There are numerous reviews of
this approach to the quantization of gauge theories among them refs. [12,13,16,17]. We will briefly
sketch those aspects of the BV formalism that we need.
If the gauge transformation of eq. (6) has the algebra
δRiA
δφB
RjB −
δRjA
δφB
RiB = R
k
Af
ij
k . (16)
We consider cases where the structure functions f ijk are independent of φA. Accompanying φA is
an “anti-field” φA∗; ghost fields ci and ci are associated with the “anti-ghost fields” c
i∗ and ci∗
respectively. (For a more detailed description of anti-fields, see refs. [10-13, 16, 17].) The field,
anti-field action turns out to be
S = Sc1(φA) + φ
A∗RiAci −
1
2
ci∗f jki cjck + c
i∗NijA
j (17)
where Ai is a “Nakanishi-Lautrup“ (NL) field [18,19]. A properly chosen ghost function Ψ(φA, ci, ci)
can be used to eliminate anti-fields occurring in eq. (17)
φA∗ =
δΨ
δφA
, ci∗ =
δΨ
δci
, ci∗ =
δΨ
δci
. (18)
The BRST transformations that leave S invariant are
δφA = R
i
Aci, δci = −
1
2
f jki cjck. (19)
To illustrate this, let us consider the IEH action in 1 + 1 dimensions which can be written as
Sc1 =
1
2
∫
d2x hµν
[
Gλµν,λ +G
λ
λµG
σ
σν −G
λ
σµG
σ
λν
]
(20)
and has the gauge invariance [20,21]
δhµν = − (ǫµρhνσ + ǫνρhµσ) θρσ
(
ǫ01 = 1 = −ǫ10
)
(21a)
δGλµν = −ǫ
λρθµν,ρ − ǫ
ρσ
(
Gλµρθνσ +G
λ
νρθµσ
)
(21b)
as can be determined by using the techniques of refs. [22,23]. (This invariance is not diffeomorphism
invariance.) From eq. (21) we can read off the expressions RiA of eq. (6); eq. (16) then gives the
structure functions
f λσαβ,γδ =
−1
4
[
ǫαγδ
λ
βδ
σ
δ + ǫβγδ
λ
αδ
σ
δ + ǫαδδ
λ
βδ
σ
γ + ǫβδδ
λ
αδ
σ
γ
+ǫαγδ
σ
βδ
λ
δ + ǫβγδ
σ
αδ
λ
δ + ǫαδδ
σ
βδ
λ
γ + ǫβδδ
σ
αδ
λ
γ
]
. (22)
The action of eq. (17) becomes
S = Sc1
(
hµν , Gλµν
)
+
∫
d2x
[
− 2h∗µν (ǫ
µρhνσcρθ)−G
µν∗
λ
(
ǫλρcµν,ρ
+2ǫρσGλµρcνσ
)
+ cαβ∗ǫαγ + c
αβ∗Aαβ
]
. (23)
A suitable gauge fixing function is
Ψ =
∫
d2x cαβ
(
ǫλσG
λ,σ
αβ +
α
2
Aα,β
)
(24)
as the gauge condition
ǫλσG
λ,σ
α,β = 0 (25)
has proved useful in showing that no perturbative radiative corrections arise in this model [24].
From eq. (19), we see that the BRST transformations associated with the action of eq. (23) are
δhµν = − (ǫµρhνσ + ǫνρhµσ) cρσ (26a)
δGλµν = −ǫ
λρcµν,ρ − ǫ
ρσ
(
Gλµρcνσ +G
λ
νρcµσ
)
(26b)
δcλσ = ǫαβc
αλcβσ. (26c)
We now will relate the BV approach to the quantization of gauge theories to having a non-
quadratic gauge fixing term in the effective action, discussed in the preceding section. This involves
the introduction of two ghost fields ci and di; eq. (17) is replaced by
S = Sc1(φA) + φ
A∗RiA(ci + di)−
1
4
(c∗α + d
∗
α) f
α
βγ
(
cβ + dβ
)
(cγ + dγ)
−
2
α
(
ci∗NijB
j + d
i∗
NijA
j
)
. (27)
We now take the gauge fixing function to be
Ψ = ci
(
F iAφA + A
i
)
+ di
(
GiA(φA +R
j
Aθj) +B
i
)
. (28)
Eliminating the anti-fields in eq. (27) by using eq. (18) results in
S = Sc1(φA)+
(
ciF
iA + diG
iA
)
RjA(cj + dj) (29)
−
2
α
[ (
f iAφA + A
i
)
NijB
j + AiNij
(
GjA
(
φA +R
k
Aθk
)
+Bj
) ]
.
If one were to now quantize this field anti-field action by performing the PI over φA, ci, ci, di, di,
θi, A
i and Bi, one can eliminate Ai and Bi by using their equations of motion
FAiφA + 2A
i = 0 (30a)
and
GAi
(
φA +R
j
Aθj
)
+ 2Bi = 0 (30b)
and make the change of variable
|C±i = ci ± di (31a)
|C
i
±
=
(
cjF
Aj ± djG
Aj
)
RiA (31b)
in the PI. Since the Jacobean of the transformation of eq. (28) is
detF iARjA detG
iARjB (32)
we see that we recover the effective action in the PI that follows from eqs. (9, 10).
4 Spin-3/2
We have been working with Bosonic fields φA. If φA were to be Fermionic, then the ghost fields c,
d, c and d would be Bosonic and θ would be Fermionic. Taking φA to be Fermionic is appropriate
when discussing the massless spin-3/2 gauge field ψµ [25]. We now will further demonstrate the
utility of non-quadratic gauge fixing by examining the propagator for this field. The action for this
field possesses the gauge invariance
δψµ = ∂µǫ (33)
where ǫ is a spin-1/2 gauge function. We employ the conventions
γαβ =
1
2
[
γα, γβ
]
(34a)
γαβγ =
1
2
{
γα, γβγ
}
(34b)
{
γα, γβ
}
= 2ηαβ = 2 diag(+−−−) (34c)
so that
γλγ
λνρ = 2γνρ = −γρνλγλ (35a)
γλνρpν =
1
2
(
γλγ · pγρ − γργ · pγλ
)
(35b)
= γ · p
[
ηλτT (ητσ − γτγσ) η
σρ
T
]
(35c)(
ηλτT ≡ η
λτ − pλpτ/p2
)
and
(
γκµλpµ
)
ηλσ (pνγ
σνρ) = /p (γκµρpµ)− 2p
2ηκρT . (35d)
The kinetic term for a free massless spin-3/2 gauge field is proportional to ψλγ
λνρpνψp. If we
take the gauge fixing to be quadratic and proportional to α(ψ · γ)γ · p(γ · ψ) then the propagator
satisfies
Sκλ
(
−γλνρpν + αγ
λγ · pγρ
)
= ηκp (36)
which leads to
Sκλ =
1
p2
[
1
2
γκνλpν −
(
2 +
1
α
)
pκγ · ppλ
p2
]
. (37)
(If α = −1
2
we recover the propagator used in ref. [26].)
For no value of α does Sκλ satisfy the conditions
γκS
κλ = 0 (38)
or
pκS
κλ = 0. (39)
However, the massive spin-3/2 field satisfies the constraints [27]
γ · ψ = ∂ · ψ = 0 (40)
and so the conditions of eqs. (38,39) are the analogue of the TT gauge for a spin-2 gauge field as a
massive spin-2 field hµν satisfies
∂µh
µν = ηµνh
µν = 0. (41)
To have the conditions of eqs. (38,39) satisfied we take the gauge fixing action to be proportional
to the non-quadratic gauge fixing Lagrangian
ξ
(
ψ · γ
)
(p · ψ) . (42)
Using eq. (35) it follows that
1
p2
[(
ξ − 3
ξ + 6
)
γκµλpµ +
2(2ξ + 3)
(3ξ − 4)(ξ + 6)
pκγλ (43)
+
3
ξ + 6
γκpλ +
2ξ + 3
ξ + 6
γ · pηκλ −
2
ξ(ξ + 6)(3ξ − 4)
−
2(3ξ3 − 2ξ2 − 5ξ + 6)
ξ(ξ + 6)(3ξ − 4)
γ · p pκpλ
p2
]
ηλσ [γ
σνρpν + ξ (p
σγρ + pργσ)] = ηκρ.
One can read off from eq. (43) the propagator Sκλ; in the ξ →∞ limit it becomes
Sκλ =
1
p2
(γκνρpν + 2η
κρ
T ) ; (44)
from eq. (35) it follows that eqs. (38,39) are satisfied.
5 Discussion
In the preceding sections, we have considered how the standard FP procedure for treating the PI
approach to quantizing gauge theories can be extended to incorporate non-quadratic gauge fixing
Lagrangians. The effective action arrived at by this approach is also derived by employing the BV
quantization procedure for the case in which the structure function for the gauge algebra of eq. (16)
is field independent. We have demonstrated by BV approach by applying it to the IEH action in
1 + 1 dimensions. The free massless spin-3/2 action has also been considered; we have shown how
using a non-quadratic gauge fixing Lagrangian is needed in this model to give rise to a propagator
Sµν that is transverse both in ∂µ and the matrix γµ.
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